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Abstract. For compact Kahlerian manifolds, the holomorphic pseudosymmetry reduces to the local 
symmetry if additionally the scalar curvature is constant and the structure function is non-negative. 
Similarly, the holomorphic Ricci-pseudosymmetry reduces to the Ricci-symmetry under these addi- 
tional assumptions. We construct examples of non-compact essentially holomorphically pseudosymmet- 
ric Kahlerian manifolds. These examples show that the compactness assumption cannot be omitted in 
the above stated theorem. 

Recently, the first examples of compact, simply connected essentially holomorphically pseudosymmetric 
Kahlerian manifolds are discovered in 4\ In these examples, the structure functions change their signs 
on the manifold. 
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1. Holomorphic pseudosymmetries 

Let M be a 2ri-dimensional Kahlerian manifold with (J, g) as its Kahlerian structure. Thus, J is 
a (1, l)-tensor field (an almost complex structure) and g a Riemannian metric on M such that = —I, 
g{J-, J--) = g{-, ■•) and VJ = 0, V being the Levi-Civita connection of g. Let X(M) be the Lie algebra 
of smooth vector fields on M. For U,V e X{M), let n{U, V) = [V/y, Vy] - V[uy] = "^uv - ^vu the 
usual curvature operator, and consider additional curvature type operator TZ^{U, V) defined by assuming 
that 

(1) 7^^(C/, V)X = g{V, X)U - g{U, X)V + g{JV, X)JU - g{JU, X)JV ~ 2g{JU, V)JX 

for any X G X{M). The operators Tl{U,V) and 71^(11, V) will be treated as derivations of the tensor 
algebra on M in the usual sense. For instance, if T is an (0, fc)-tcnsor field, then TZ{U, V)T, TZ^{U, V)T 
are the (0, A:)-tensor fields such that 

{n{u,v)T){x,,...,Xk) = -V T{x,,...,Xs-i,n{u,v)Xs,x,+,,...,Xk), 
in^iu,v)T)iXi,...,Xk) = -y T{Xi,...,Xs-i,n^{u,v)x,,x,+u...,Xk). 

For an (0, fc)-tensor field T, define (0, k + 2)-tensor fields TZ-T,TZ^ -T hy 

(7^•T)(^7,y,Xl,...,Xfe) = (n{u,v)-T)iXi,...,Xk) 
(n^ ■T){u,v,Xi,...,Xk) = (7^^(^7,l/)•T)(Xl,...,Xfe). 

Let us call an (0, A:)-tensor field T on M to be 

• semisymmetric ii TZ ■ T = 0; 

• holomorphically pseudosymmetric if there exists a function / (called the structure function) on 
M such that TZ-T^ fTZ^ ■ T. 

A Kahlerian manifold will be called 

• semisymmetric (resp., Ricci-semisymmetric) if its Riemann (resp., Ricci) curvature tensor is 
semisymmetric ; 

• holomorphically pseudosymmetric (resp., Ricci-pseudosymmetric) if its Riemann (resp., Ricci) 
curvature tensor is holomorphically pseudosymmetric. 
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The class of holomorphically pseudosymmetric Kahlerian manifolds contains all semisymmetric 
Kahlerian manifolds, especially, those being locally symmetric. For semisymmetric Kahlerian manifolds, 
see among others [H [TTl [T2j [13] . 

The class of holomorphically Ricci-pseudosymmetric Kahlerian manifolds contains all Ricci-semi- 
symmetric, especially, Ricci-symmetric (VS* = 0), as well as holomorphically pseudosymmetric Kahlerian 
manifolds. For Ricci-semisymmetric Kahlerian manifolds, see f^. 

The holomorphic pseudosymmetry conditions firstly appeared in [lOj . and after then they were 
studied in the papers [2], [3], [4], [l5] . 

It should be said that curvature conditions of this type have also occured under another name in 
certain papers about projective holomorphic transformations; for some details, see [7J|S], etc. 

2. Main results 

Let us start with recalling certain famous examples. Namely, compact 2-dimensional surfaces, 
products of compact 2-dimensional surfaces, products of compact 2-dimensional surfaces and complex 
projective spaces are semisymmetric Kahlerian manifolds with non-constant scalar curvature in general. 
When assuming that they have constant scalar curvatures, they become locally symmetric. 

Recently, the problem of the existence of compact essentially holomorphically pseudosymmetric 
(that is, different from semisymmetric) Kahlerian manifolds was solved in [4]. 

The aim of the presented paper is to prove that under certain additional assumptions, such mani- 
folds do not exist. We also deal with holomorphic Ricci-pseudosymmetry too. 

Theorem 1. Let M be a compact Kahlerian manifold. Suppose that M is holomorphically Ricci- 
pseudosymmetric with non-negative structure function f , that is, 

(2) n-s^ /7^^ -s, / ^ 0. 

// the scalar curvature of M is constant, then M is Ricci-symmetric. 

Theorem 2. Let M be a compact Kahlerian manifold. Suppose that M is holomorphically pseudosym- 
metric with non-negative structure function f, that is, 

(3) n-R = /7^^ R, / ^ 0. 

If the scalar curvature of M is constant, then M is locally symmetric. 

In the last section, we construct examples of holomorphically pseudosymmetric Kahlerian mani- 
folds, which are not semisymmetric. For some of them, the scalar curvature is constant and the structure 
function is positive. This shows that the compactness is an essential assumption in the above theorems. 

3. Proofs of the theorems 
At first, recall the very well known curvature identities fulfilled by any Kahlerian manifold. 



(4) Tz{ju,jv) = n{u,v), n{Ju,v) + TZ{u,Jv) = 0, 

(5) SiJU,JV)^S{U,V), S{JU,V) + S{U,JV) =0, 

(6) Trace{X ^ 7^(JX, U)V} = -S{JU, V), 

(7) Traceg{(X,y) ^ R{JX,Y,U,V)} = 2S{JU,V), 



where R{U, V, X, Y) = g{n{U, V)X, Y) and S is the Ricci curvature tensor, S{U, V) = Trace{X 
Tl{X, U)V}. Moreover, the Ricci 2-form p, p{X,Y) ~ S{X, JY), is closed, and consequently, 



(8) 



{S/xS){Y, JZ) + (Vy5)(Z, JX) + [VzS){X, JY) = 0. 
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3.1. Proof of Theorem [TJ In our calculations, it will be useful to use the local components tensor 
convention and the Einstein summation agreement. At first, for the Laplacian of the square of the length 
of the Ricci tensor S, we have 

(9) A(||5f ) = V'V,(5,fc5^"'=) = 2{W,S,k)S^'' + 2(V,5,fe)(V^5^"'=). 
In the sequel, we need the following formula 

(10) - {^xS){Y, Z) + {VyS){Z, X) + {V.jzS){X, JY) = 0, 

which can be obtained from Q by replacing Z with JZ and next using ([5|). In local coordinates, (fTO|) 
reads 

The covariant differentiation of the above equality gives 

Transvecting the last relation with S^^ — g-'^''g^^Sab and using formula S^^ jj^Jj = S'"'' (which is a 
consequence of (O), we find (V^ Vi5jfc)5^'' = 2{\J ]Ski)S^^ and next 

(11) (V*V,5,fe)5^'= = 2g^\Vh^,Su)S^\ 

We are going to transform pTjl by applying the holomorphic Ricci-pseudosymmetry Using ([T|) and 
©, we find for • S, 

{TZ^ ■ S){U,V,X,Y) = - S{TZ^{U,V)X,Y) ~ S{X,TZ^{U,V)Y) 

= - giV, X)S{U, Y) + g(U, X)S{V, Y) - g{V, Y)S{X, U) 

+ g{U, Y)S{X, V) - g{JV, X)S{JU, Y) + g{JU, X)S{JV, Y) 

(12) - g{JV, Y)S{X, JU) + g{JU, Y)S{X, JV). 

Moreover, we have for TZ ■ S, 
(13) 

iTZ-S){U,V,X,Y) = in{U,V)S){X,Y) = {{\7ly-Vlu)S)iX,Y) = {\7lyS){X,Y) - {\7l^S){X,Y). 
Now, using (|12p and and we obtain 

^h'^jSki — yj^hSki = f{ — gjkSfii + ghkSji — gjiSkh + ghiSkj 

(14) — JjkJh^ai + JhkJjSai — JjiSkaJh + JhiSkaJj) , 

where Jij — J^gaji— ^Jji)- Note that by (O, we have 

(15) SabJiJj — Sij, SiaJj + SjaJi — 0. 

From ((T4)) . by tranvection with g^^ and using ([15]), it follows that 

(16) ff"(V,,Vj5fc,) - g''\VjVhSkr) - fi2nSjk - rg,k), 

where r is the scalar curvature. Since r is constant, it holds g^^^hSki = (l/2)Vfer = 0, and therefore 
g^'iVj^hSkz) = 0. Thus, nil) leads to 

g'^^Vh^jSk^) = fi2nS,k - rg,k), 

which applied to the right hand side of pTjl yields 

(V'V,S',fe)5^'' = 2J{2nS,k - rg,k)S^'' = 4n/(||5|p - rV(2n)). 

The last equality turns ^ into 

(17) A(||5f ) = Mf{\\Sr - rV(2n)) + 2|| V^f . 

Recall the famous Hopf Lemma, which states that for a function on a compact Riemannian 
manifold, if ^ 0, then = and the function is constant (cf. e.g. [5] or [II]). 
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Returning to our proof, note that for any Riemannian manifold, it always holds jjS'p — r^/(2n) ^ 0. 
Therefore and by the assumption / ^ 0, the right hand side of (|17p is non-negative. Consequently, 
A(||S'||2) ^ 0, and by the Hopf Lemma, AdiS'lp) = 0. This applied into ^ leads to 

8n/(||5f -rV(2n))+2||V5f = 0. 

Hence, it follows that \\VS\\ = 0, and finally V5 = 0, which is just the Ricci-symmetry. This completes 
the proof. 

3.2. Proof of Theorem [2l Let M be a holomorphically pseudosymmetric Kahlerian manifold with 
constant scalar curvature and / ^ 0. Since the formula ([3]) always implies the condition ^ with the 
same structure function, M is holomorphically Ricci- pseudosymmetric. Consequently, by Theorem [l] M 
is Ricci-symmetric, that is , VS* = 0. 

To prove that M is in fact locally symmetric, we will use the Lichnerowicz formula, which is valid 
for any Riemannian manifold (12, Lemma 4.7]; see also 0) 

(18) V^VpiR^jkiR^'"') = 2VpR,jkiVPR'^''' + 4i?^^'='(V, V^S,, - V.Vz^.fc) - AR^'"' g^'^Fp^jgki, 
where 

Fpqijkl — ^ qRijkl ^ pR'ijkl • 

For TZ ■ R, we have 

(19) (7^•i?)(c/, w, X, Y, z) = {n{u, v)R)iw, X, y, z) = ii^lyR){w, x, y, z)-{vluR){w, x, y, z). 

On the other hand, using (P) and gl), we find for ■ i?, 

{n^ ■R)iu, V, w,x,Y,z) = (7^" {u, v)r) {w, x, y, z) 

= - Rin^iU, V)W, X, Y, Z) - R{W, TZ^iU, V)X, Y, Z) 

- R{W, X, TZ^iU, V)Y, Z) - R{W, X, F, n^{U, V)Z). 
= - .g(y, W)R{U, X, Y, Z) + 5(C/, W)R{V, X, F, Z) 

- giJV, W)R{JU, X, y, Z) + g{JU, W)RiJV, X, Y, Z) 

- g{V, X)R{W, U, Y, Z) + g{U, X)R{W, F, F, Z) 

- g{JV, X)R{W, JU, Y, Z) + g{JU, X)R{W, JV, Y, Z) 

- g{V, Y)R{W, X, U, Z) + g{U, Y)R{W, X, V, Z) 

- g{JV, Y)R{W, X, JU, Z) + .g( J[/, Y)R{y^, X, JV, Z) 

- g{V, Z)R{W, X, U, Z) + g{U, Z)R{W, X, V, Z) 

(20) - g{JV, Z)R{W, X, Y, JU) + g{JU, Z)R{W, X, Y, JV) 

Applying (HH), ^ and we obtain 

■^pqijkl — ^ qRijkl ~ ^ pRijkl 

— y( QqiRpjkl ~l" 9piRqjkl JqiJpRajkl ~^ JpiJ q Rajkl 
Qqj^ipkl ~f~ QpjRiqkl ~ JqjJpRiakl Jpj J q Riakl 
QqkRijpl ~(" dpk-^ijql JqkJpRijal ~^ JpkJ q Rijal 
Qql^ijkp ~^ QplRijkq JqlJpRijka ~l" JplJqRijka)- 

From the above, by transvection with g^^ ^ we get 

Fpqijkl = — l)Riqkl + Rikql + R'llkq + Jf JqRahkl " JkJqRiahl — Jl JqRiakh 

(21) — gqkSil H- gqlSik — JqkJ^^RaUb + JqlJ^^ Raikb + J qiJ^^ Rabkl) , 

where J*-^ = 9^^Ji{— —J-^^)- We need the foUowing formulas 

J.i JjUabkl — ^ijkh 'Ji ^ajkl — J j ^aikh ^ajkb — 'Jj ^ak, ^ ^abkl — —^Jk^aU 
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which are consequences of ([5]) and ([7]). Moreover, using the first Binchi identity and 
find 

(23) Rikql + Rilkq = Riqkh —Jk^qRiabl " Jf JqRiakb = Riqkl ■ 

By applying (|22p . ((23)) and (fT5|) . we transform pT|) into the following form 

(24) g^^'Fpqijkl — /(2(n + l)Rkliq ^ Sugkq + Skigiq — JlSaiJkq + Jk^aiJlq + "^Jk^alJiq) ■ 

Recall that the holomorphic projective curvature (l,3)-tensor P is defined by 

r(U, V)W = TZ(U, V)W — AS(V, W)U~S(U, W)V+S(JV, W)JU~S(JU, W)JV-~2S(JU, V)JW). 

2(n + 1) 

The local coordinates of the (0, 4)-tensor P, P{W, X, Y, Z) = g(V{W, X)Y, Z), are the following 

Phijk — Rhijk ^ 2(71 -f 1) ^^'^jShk ~ Shjgik + Ji SajJhk ~ JhSbjJik ~ ^.JhSaiJjk)- 

In this context, (l24ll can be rewritten as 



g'^Fpg^jki ^2{n+l)fPkUq 
By virtue of the last formula, we obtain 

(25) R'"''g'"'Fp,jgki = 2{n + l)fPk^^R''''' = -2{n + l)fPlk,^R''''\ 
By straightforward calculations in which ([22]) should be used, we get 

||P||' = P^,klP'"'' = P^,klR''''' = \\R\? - ^ll^f ^ 0- 

Therefore, (|25p can be rewritten as 

(26) R'^'^'g^'^Fp^j^ki = -2{n + l)f\\P\\\ 

The already proved condition VS = and the formula (j26|) enables us to rewrite the Lichnerowicz 
formula (fT8|) in the following form 

(27) A(||i?f)=2||Vi?|r + 8(n+l)/||Pf. 

As in the previous proof, we use the Hopf Lemma. By the assumption / ^ 0, the right hand side of (I7f|) 
is non-negative. Consequently, A(||i?|p) > 0, and by the Hopf Lemma, A(||i?|p) = 0. This applied into 
(P7)) leads to 

2||Vi?|p + 8(n+ l)/||Pf = 0. 
Hence, it follows that ||Vi?|| = 0, and finally Vi? = 0, which completes the proof. 

4. A CLASS OF EXAMPLES 

Below, we construct a class of examples of non-compact essentially holomorphically pseudosym- 
metric Kahlerian manifolds. For some of them, the scalar curvature is constant and the structure function 
is positive. 

Let (x", z, t) denote the Cartesian coordinates in m ^ 1. Latin indices take on values 

from 1 to 2m-|-2, Greek indices will run from 1 to m, and a' = a + m for any a £ {1, . . . , m}. Assume that 
M = N X {A, B) C R^™+^, where N is an open connected subset of R^™+^, {A, B) is an open interval 
and i? > A > 0. Suppose that h: {A,B) — * R is a smooth function which non-zero at any t G {A^B). 
Let (ei) be the frame of vector fields on M defined by 

and let (0*) be the dual frame of differential 1-forms, 

9°'^ tdx"', e'''=tdy°', 6^"'+^ =fh(^-2j2^x^dy^ + dzy 9^""+^ = ^dt. 
For the non-zero Lie brackets of e^, we have 

[Cct, e^'] = 2hdaf3 e2m+l, [Sa, e2m+2] = hCa, \& a' , ^2m^-2\ ~ hCa' , [e2m+l , e2m+2] = {2h + th') e2m+l- 
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Define an almost complex structure J on M by assuming 

Jea= e^/, Je^i = — e^, Je2m+1 = ^2m+2, J&2m+2 = —&2m+\- 

For the Nijenhuis tensor Nj, it can be checked that 

Nj{ei,ej) = [Jej, Jcj] - J[ei, Jej] - J[Jei,ej\ + J^[ei, cj] = 0, 

for any By the Newlander-Nirenberg theorem, J is a complex structure on M. Let g be the 

Riemannian metric on M for which (cj) is an orthonormal frame, so that g = J2i 0^ <SiO^. It is obvious 
that the pair {J,g) is a Hermitian structure on M. For the fundamental form /?, f2{X,Y) = g{JX,Y), 
we have 

= 2t^ dx^ Ady^ + 2t(^-2 xxdyx Adt + dzA dtj . 

Hence dQ ~ 0, i.e., J7 is closed. Thus, the pair (J, g) becomes a Kahlerian structure on M . We are going 
to show that it is holomorphically pseudosymmetric. 

For the Levi-Civita connection corresponding to g, we have 

Ve„e/3 — \I e^i&ji' — —hSap e2m+2, 

Ve„e/3' = -Ve„,e/3 = h6a0e2m+l, 

Ve„e2m+1 = Vea^+iCa — — Ve^, e2m+2 = —hCa', 

Ve„e2m+2 = Ve^,e2m+1 — ^ e2m+l^a' = hSa, 

e2m+l^2m+l = —(2ft. + th')e2m+2j 
^e2„+ie2m+2 = {2h + th')e2m+l- 

Let Rhijk{= Rhij^) be the components of the curvature tensor R with respect to the adapted 
frame, i?(e/i, ej)ej = Rhijk^k- The non-zero components of R are related to the following 

Rai3j5 = RaffyS' = Ra'l3'yS' = h^i^ajSffS — ^asSff-y), 
Ral3'i5' = h^i^ajSffS + ^I3j^a5 + "^Sa/jSjs), 
-Ra/3'(2m+l)(2m+2) = 2/l(/l + th')Sal3, 
-Ra(2m+l)/3(2ni+l) = -Ra(2m+l)/3'(2ni+2) 

= -Ra(2m+2)/3(2m+2) = " -RQ(2m+2);3'(2m+l) 

= Ra' (2m+l)p' {2m+l) = Ra' (2m+2.) ji' (2m+2) = h{h + th')Saf3, 
-R(2m+l)(2m+2)(2m+l)(2m+2) = 4ft^ + 7thh' + t"^ {h' ^ + hh"). 

On the other hand, for the components of the tensor TZ^ , we have 

'^hijfc — ^hij ^ ^ Shk9ij ^ 9hj9ik + JhkJij ~ JhjJ'ik ~ "^JhiJjki 

where gij and Jy are the components of g and J with respect to (e^). Thus, = g{ei,ej) = 5ij and 

Jci = -^^JsCs with Ja/3' = - Ja'/3 = (5a/3, ^(2m+l)(2m+2) = —J{2m+2){2m+l) = 1> Otherwise Jjj = 0. 

The structure (J, g) satisfies the holomorphic pseudosymmetry condition 

R-R = fn^-R with f = -h{h + th'). 

For, it is sufficient to verify that the relation holds Q-R = 0, where the curvature like tensor Q = R—fTZ^ 
is treated as the derivation of the tensor algebra. At first, we find the components of Q with respect to 
(ej), which are as follows 

QaPjS = Qap-r'd' = Qa'P'j'S' = —thh' {Sa-ySfiS — daS^f}^), 
Qal3'j5' = -thh'{SajSpS + ^iSj^aS + '^SafiSjs), 
<3(2m+l)(2m+2)(2m+l)(2m+2) = 3i/l/l' + + hh"). 
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Next, we check that the all components 

(^Q ' R^pghijk — ^ ^ ^ i^QpqhsRsijk ~{~ QpqisRjisjk ^~ QpqjsRhisk ~t~ Q pqks Rhij s) 

vanish identically. We omit the long but standard computations. 

In general, the holomorphic pseudosymmetry is essential in the sense that the structure is not 
semisymmetric {R ■ R ^ Q). For instance, the component 

{R ■ ^)l(2m+l)122(2m+l) = th^h' {h + th') 

is non-zero for a suitably chosen function h. 

For the components of the Ricci curvature tensor S*, we have 

Saa = Sa'a- = -2((m + 2)h^ + thh'), 

S{2m+i)(2m+i) = <S'(2m+2)(2m+2) = -2(m + 2)h^ ~ (2m + 7)thh' - f{h''^ + hh"), 

Sij — otherwise, and for the scalar curvature r, 

r=- 4(to + l)(m + 2)h^ - 2(4m + l)thh! - 2t^{Jn!'^ + hh!'). 

Hence the scalar curvature is non-constant in general. 

However, in the above way, we can obtain non-compact holomorphically pseudosymmetric Kahler 
manifolds with constant scalar curvature r and f ^ 0. Indeed, if we suppose 

where a, b, c are certain constants such that a + W^ + ct^+^"^ > on a certain interval {A, B), B > A > 0, 
then we find 



= — 4c(to + l)(m + 2) = const.. 

To be sure more concrete examples 



/W = ^(a(m + l) + &mt2-ct4+2™). 



TTl 

(i) if a = c = and 6=1, then r = and f(t) = — — — > 0; 

in ~\~ 1 

(ii) if a = 1 and b = c = 0, then r = and f(t) = — — — > 0; 

(iii) if a > 0, = 0, c = -a (here, {A,B) = (0,1)), then r = 4a(m + l)(m + 2) and f{t) 

■m + l\ 



One can easily note that the structures are not semisymmetric, and in the cases (ii) and (iii), they are 
Einstein. 
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